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Appendix: Complexes 101

The following is a non-encyclopedic summary of the basic notations and operations on cochain
complexes that we will need. The algebraic difference between chain complexes and cochain
complexes are mainly in indexing, and so we will just stick to cochain terminology. Standard
references for these (and much else) are [Rot09, Wei94].

Complexes are hybrid algebro-topological objects. On the algebra side there are subcom-
plexes, homomorphisms (that have kernels and images), quotients, isomorphism theorems, etc.
In other words, they are very much like vector spaces or Abelian groups, or more generally,
R-modules. On the topological side you can say when two maps between complexes are ho-
motopic, when two complexes are homotopy equivalent, etc. So they are also like topological
spaces.

There is one operation special to complexes, and that is taking cohomology.

Complexes: A (cochain) complex C = C* consists of a family {C"},,cz of vector spaces/Abelian
groups/R-modules — choose your preferred level of generality — and a family {d" : C" —
C™1Y ez of homomorphisms, normally written out as
n—1 n

and such that for each n, we have the image of the map d"~! is contained in the kernel of the
map d". Equivalently, d"d"~' = 0.

In these notes the C" will always be finite dimensional vector spaces over some field F and
the C"* # O for finitely many n. We then write

Ck_)_)cn_)cf

The C" are the cochain spaces and the elements of C" are the degree n cochains. The d" are
the differentials. We tend to drop the index on the differentials — and so just write d> = 0 for
instance.

Maps: a (homo)morphism, or chain map, f : C — D of complexes is a family of homomor-
phisms {f" : C" — D"},cz that commute with the differentials on C and D, i.e. all the squares
in

Cn—l dnfl Cn ar . Cn+1
an—l an Jrfnﬂ
Dn—l ! D" e Dn+1

commute. The morphism is injective/surjective/bijective (and hence an isomorphism in this last
case) when all of the f" are.

Cohomology: for each n we have im(d"~!) C ker (d") and the family of quotients

dn-1

ker (C" -2 c"“)}
im(C"‘l — ") nez

HC =H'C := {H”C =

is called the cohomology of the complex. The cochains in ker (d") are called (degree n) cocycles
and those in im(d""!) are (degree n) coboundaries.
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The fundamental problem in homological algebra is to compute the cohomology of com-
plexes.

If f: C — D is amorphism of complexes then there is an induced map Hf : H*C — H*D
consisting of Hf = {H f"},ez with Hf" : H"C — H"D the map

Hf": x+im(d ") — f(x) +im(e" ")

where d is the differential on C and e the differential on D. This mapped is well defined because
f commutes with the two differentials.

The Euler characteristic is given by

YHC = Z(—l)" dim H"C,
n

and it is an easy exercise to show that yH*C = Y ,,(—1)" dim C".

Subcomplexes and quotients: the complex C is a subcomplex of D if C" is a subspace of D"
for all n, and d(C") c C™*!, where d is the differential on D. Equivalently the inclusion C < D
is a map of complexes.

The quotient D/C has (D/C)" := D"/C" and differential induced by that on D, i.e. an element
x+C" € D"/C" is sent to dx + C"™*' € D"1/C"™*!. The induced differential is well defined
precisely because C is a subcomplex.

One might expect/hope that H"(D/C) is just H"D/H"C, but it turns out that the relationship
between these three cohomologies is more complicated than that. See the paragraph on long
exact sequences below.

If f : C — D is a morphism of complexes then ker f is the subcomplex of C with (ker f)"* :=
ker (f" : C" — D") and im f is the subcomplex of D with (im f)" := im(f" : C* — D"). All
the homomorphism theorems then carry straight over to complexes (e.g. C/ker f = im f C D,
(D/B)/(C/B) = D/C for B a subcomplex of C a subcomplex of D, etc).

Sums: If C and D are complexes then their direct sum C @ D looks like:

cn-1 d! cn a: cn+l
@ @ @
Dn—l e D" e Dn+l

ie. (C® D)' := C" ® D" and the differential is the sum of the differentials on C and D. Then
H'(Ce® D)= H'C® H"D.

The definition of EBZ.E ; Ciis analogous. If s is a degree n cocycle, i.e. an element of (@i g C)' =
EBZ.E I C;’, then we write s - i for the coordinate of s indexed by i.
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Tensor products: The tensor product C ® D is slightly more complicated. Form

~ ~
~ ~
~ . N~
i sCPleDit — P DIt — Pl pitl — ...
~ S
\\\ @ed \\\
~ ~ ~
\\ \\ \\
—1 arlel 7, arel 1
s Crle Dt — 2L crept St e Dt —— -
SN ~ RN
\\\\ 1®e‘1'1\\\ (C® D)n+1
\\ \\\
i sCPleDrl — scPreDil — s cPtleprl — ...
‘\\N \\.
(C ® D)nfl (C ® D)n

called, for obvious reasons, a double complex. All the squares commute, but using a Jedi sign-
trick and replacing the 1 ® ¢?’s by (—1)”(1 ® e?), each square acquires exactly one —1 sign, and
so the squares anticommute. Define the cochain space in degree n to be

(C®D)" = EB C? ® D?

p+q=n

the sum over the cochain spaces in the double complex lying on the line of slope —1 with equa-
tion x+y = n. The differential (C®D)"~! — (C®D)" is the sum of all the maps between the lines
x+y=n—1and x+y = n, adifferential as (d®1)? = 0 = (1 ® ) and by the anti-commuting of
the squares. H*(C ® D) turns out to be the obvious thing, albeit for slightly non-obvious reasons
(see the paragraph below on derived functors).

Shifts: If D is the complex with DX a 1-dimensional space — a copy of the ground field F — and
all other cochain groups 0, then the shifted complex C[k] := C ® D has degree n cochain space
equal to C"*. Thus C[k] is just the complex C with everything (including differentials) shifted
k units to the right. The homology gets shifted too: H"C[k] = H"C.

Graded point of view: in these notes the cochain spaces of our complexes turn out to be graded
spaces. From this point of view it can be convenient to think about complexes and their coho-
mologies as graded spaces too. Thus a complex C is a graded space @nez C" equipped with
a degree 1 map d : C — C satisfying d> = 0; the cohomology H*C is also a graded space

D, H'C.

Exactness: A sequence A — B — C is exact at B if the image in B of the map A — B equals
the kernel in B of the map B — C. Here, A, B and C can be (vector) spaces or complexes.
For example, exactness at B in the following

0-B—-0 0-B—->C, A->B-0

are equivalent to B = 0, the map B — C being injective, and the map A — B being surjective.
Exactness at A and B in
0-A—-B—-0
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is equivalent to the map A — B being an isomorphism. Exactness at C" in the complex
_._>Cn—l_>cn_)cn+l_>___

is equivalent to H"C = 0, and so on.

Short exact sequences: are sequences of the form
0-A->B->C—-0 )

that are exact at A, B and C. Identifying A with its image in B (which we can do as A — B is
injective), we get that B — C induces an isomorphism B/A = C.

Long exact sequences: are one of the most useful basic constructions in homological algebra.
A short exact sequence of complexes (1) induces a long exact sequence of cohomology spaces:

.-+ > H"'C 5 H'A - H'B— H'C - H"™'A - ...

(i.e. the sequence is exact at every point). The maps H"A — H"B and H"B — H"C are those
inducedby A — Band B — C.The maps H"~'C — H"A are called connecting homomorphisms,
and their definition can be found in [Rot09, Wei94].

When A is a subcomplex of B we have

.« — H"Y(B/A) » H"'A - H"B —» H"(B/A) > H""'A — - ..

If0 - A > B — C — 0is a short exact sequence of complexes, and the cohomology of A
vanishes everywhere, i.e. H"A = 0 for all n, then the long exact sequence implies that the maps

H"B — H"C
are isomorphisms for all #, i.e. that H*B = H*C. Similarly, if H"C = 0 for all n then H*A = H*B.

Derived functors: suppose J is a functor that sends chain complexes to chain complexes. A
natural question to then ask is: how does the homology of the complex F(C) relate to the homol-
ogy of the complex C?

The answer, when there is one, is very roughly the following: there is a new functor F!,
called the first derived functor of F, and for each n a short exact sequence relating H"JF(C) and
F(H"C) in such a way that if F! vanishes then H"F(C) = F(H"C). So the values of the derived
functor ! provide obstructions to the answer of the question above being a straight-forward
one. Replacing F by F! gives a second derived functor 2, and so on, for an infinite family
of derived functors of J. (It turns out that Khovanov homology can be interpreted in terms of
derived functors.)

The case we need is where J is the functor (=) ®D for some fixed complex D and the short
exact sequence relating the various ingredients is called the Kiinneth formula. As we are dealing
with vector spaces the upshot is that

H(C®D)= H*C® H'D = H(C®D) = @ H’C ® H'D
p+q=n
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The topological side: a pair of morphisms f, g : C — D are homotopic, written f ~ g, when
there is a homotopy h = {h"*},c7 with h" : C™1! = D", such that f—g=hd+eh,ie.

Cn—l cn d Cn+1
no !
J / flg h
Dn—l N D" Dn+1

C and D are homotopy equivalent if there are morphisms f : C 2 D : g with fg ~ id and
gf =id.
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